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Let us consider the third-order differential equation 

‘j: + a~? + @ -+ sin z = e (t) (I) 

Here a and p are positive constants, e(t) is a square-integrable 
periodic function of period 277. This equation is encountered, in particu- 
lar, in the investigation of synchronous elements in television [ 1 I. 

In this note the author derives, on the basis of a theorem proved by 
Barbashin [ 2 I , a criterion for the existence of a periodic (in t) solu- 
tion of Equation (1). 

Equation (1) is equivalent to the system of differential equations 

5 = y, $ = .z, S=__@az_ By - sin z ,-i_ e (t) (2) 

We introduce the notation 

cp (2) =- x - sin x 

Then the system of first approximation takes the form 

2 = y, g = 2, i=-- x - By - az (3) 

Let us assume that the origin is a stable singular point of the system 
(3) of the type of a “generalized focus”, i.e. we assume that the charac- 
teristic equation 

P + a+ + fir + 1 = 0 
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of the system (3) has one real root x < 0, and two complex roots a * bi, 
where a and b are real numbers, a < 0, b > 0. From the hypothesis that 
the origin is a stable point for the system (3), it follows that a@ > 1. 

Let p = max (a, X), 
We consider the number 

where 

A = b [(a - h)2 + P], M 

i.e. p is the larger one of the numbers a and A. 

B” = M + (a2 -j- b” -+ 1) N ._ 
A 

Suppose that the following conditions are satisfied in a region D of 
the t, y, z-space: 

Earbashin’s [ 2 1 theorem, which establishes the existence of a 
periodic solution, is applicable to a system of differential equations 
if a number of conditions are satisfied by that system. For the s&stem 
(2), in addition to the conditions already indicated. one such restric- 
tion is the existence of a fundamental matrix I( t, r) = 11 vik( t, rl 11 
(i, k = 1, 2. 3) for the system (3) satisfying the conditions 

w (z, z) = E, 11 W (t, z) < Be@ U-S1 (4) 

Here E is a unit matrix. B Is a positive constant, p < 0. 

The evaluation of the fund~ental matrix of the solution of system (3) 
which becomes the unit matrix when t = I, does not present any diffi- 
culties. Its elements are, obviously, given by 

_!_ (A,, eh (t-7) + ,a (I-7) [ ,& 
Wlfi = b i cos b (t - z) + Ask sin b (t - z)]} 

where 

b 
811 = - - , 

h 
Ax2 = - 2ab, 

Ais = 5, 

In order to obtain 
we define the norm of 

%k 
w2k = 7’ 

A21 = bh (h - Pa), Asi = h (a2 - b2) - %c 

A 38 = 2ab, A 3”, - -- +b +” az ? “, 

A 23 = - b, Asa = a - h 

an estimate of the norm 11 I (t, r) \I of a matrix, 
an arbitrary vector X = (x, y, Z) and that of a 
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matrix as 

Ii X Ii = max (I x I, I y I- 1 2 1) Ii W 0, 7) ii = ma= 
l<,<i<3 jl ’ Wik ’ 

It is easy to show that in the region D the following inequalities are 
satisfied: 

5 1 wlk(t, ~1 e-i& (t--r) 1 < ML IV 
k=l 

wpk (t , t) ewp (‘-‘) 1 < M + 1/u2 + b2 N 

k=l A 
(5) 

1 w3k tt, @e --i* (f--s) f < M + (a2 + b”) N 

k=l A 

For the constant B, which estimates the norm f\ %(t, T )e-@*( ‘-T) [I and 
which occurs in the condition (4), one should select the number deter- 
mined by the equation 

B=“+N ~ when aa +b2 < 1, 
M+(u2+EiZ)N 

A A 
when a-L _t b2 > 1 

The next restriction on the system (21, which is required for the 
validity of the application of Barbashin’s theorem, is the existence of 
a Lipschitz constant for the function #i(x) which satisfies the relation 

(- P - ti3) > 0. 

In the considered region D, the Lipschitz constant for the function 
#(xl = x - sin x is the number 

~+Z.$! 

It is easily seen that it satisfies Equation (5). From here on we 
shall denote the left-hand side of Equation (5) by 7. Then 

B”- B 
T=-F..>O 

From what has been said we may conclude that the conditions of the 
theorem of Barbashin are satisfied [ 1 I. Thus, we may state the follow- 
ing result for Equation (1). 

Theorcr. Suppose that conditions (4). (5) and 
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2x 

(a * s le(i)ldt<Ee-27fy(l -e-2xy) 
2B2 

are satisfied for the system (2). 

Let 8 = E/~B. Then the following statements are true. 

1) Every solution X(t) of the system (2) is such that 11 X( to) 11 < 6 
does not leave the region D if t 2 to. 

2) There exists a number T > t0 such that (1 X(t) /I Q 6 if 11 X(t,)[( < 3 
and t > T. 

3) In the region D there exists an asymptotically stable periodic tra- 
jectory which attracts all other trajectories issuing from the region 
\I X \I < 8 when t = te. 

The numbers 6, B and y are given above. 
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